For the study of Ising models of general spin S on the square lattice, we have combined our recently extended high-temperature expansions with the low-temperature expansions derived some time ago by Enting, Guttmann, and Jensen. We have computed various critical parameters and improved the estimates of others. Moreover, the properties of hyperscaling and of universality ͑spin-S independence͒ of exponents and of various dimensionless amplitude combinations have been verified accurately. Assuming the validity of the latticelattice scaling, from our estimates of critical amplitudes for the square lattice we have also obtained estimates of the corresponding amplitudes for the spin-S Ising model on the triangular, honeycomb, and kagomé lattices.
I. INTRODUCTION
The properties of the spin Sϭ1/2 two-dimensional Ising model with nearest-neighbor interactions in zero magnetic field, have been extensively explored in the last six decades. Much more modest efforts have been devoted to the study of the simplest generalizations of the model to spin SϾ1/2. The main reason is probably that these models are not known to be solvable or, at least, to have any simple property of duality that can help to extend the small body of information coming from numerical methods of limited accuracy such as, stochastic simulations, series expansions, or transfer-matrix calculations.
The first important result from a comparative study of Ising models for different values of the spin came from pioneering work by Domb and Sykes. 1 They analyzed the hightemperature ͑HT͒ expansion of the susceptibility (K;S) through O(K 6 ) in the three-dimensional case and conjectured that the value of the critical exponent ␥(S) is independent of the spin magnitude. This was the first step towards the modern formulation of the critical-universality hypothesis. Similar analyses were soon repeated by other authors using both HT ͑Refs. 2 and 3͒ and low-temperature ͑LT͒ expansions 4 for two-dimensional systems. Unfortunately, the series derived in those years were rather short and, therefore, the results of the analyses could not reach a sufficient accuracy or were inconclusive. It was only in 1980 that Nickel 5, 6 finally extended through O(K 21 ) the HT series in two dimensions on the square ͑sq͒ lattice and in three dimensions on the body-centered-cubic lattice. The expansions of (K;S) and of the second moment of the spin-spin correlation function 2 (K;S) were then published only for Sϭ1/2,1,2,ϱ. More recently, also the LT expansions on the sq lattice for Sϭ1/2,1,3/2,2,5/2,3 were considerably extended by Jensen, Guttmann, and Enting. 7 We have summarized in Table I and  Table II the state of HT and LT expansions 3, 7, 8 before our work.
In spite of the very large number of LT expansion coefficients now available, the analysis of the series remains arduous due to occurrence 7 of numerous unphysical singularities in the complex temperature plane 9 that are closer to the origin than the physical singularity and whose structure becomes increasingly complicated with S. As a consequence, the LT study of Ref. 7 has been an alarming lesson on the subtleties in the analysis of slowly convergent series more than a source of accurate estimates of the critical parameters of the models.
Many intriguing indications and conjectures about the structure of these unphysical singularities also came in the same period from work by Matveev and Shrock 10 who examined the spin S models on various two-dimensional lattices using transfer-matrix methods.
Here we discuss some results of an analysis of HT series for the sq lattice recently extended 11 by linked-cluster expansion techniques. For the nearest-neighbor correlation function G(K;S), for (K;S), and 2 (K;S) our series reach order K
25
, while for the second field derivative of the sus-TABLE I. The longest HT expansions, published ͑or obtainable from data in the literature͒ before our work ͑Refs. 11 and 12͒, for the susceptibility (K;S), the second moment of the correlation function 2 (K;S) and the second field derivative of the susceptiblity 4 (K;S) in the case of the Ising models with general spin S on two-dimensional lattices. It should be noted that in the special case Sϭ1/2, on the sq lattice, much longer expansions ͑Ref. 13͒ for and 2 have been computed. However, the published expansions ͑Ref. 5͒ of 4 The HT series show somewhat simpler and faster convergence properties than the LT series, because the behavior of the coefficients is dominated by the physical singularity. Although, even in this case, these favorable properties slightly deteriorate for SϾ2, we can hope to determine basic HT critical parameters with a reasonable accuracy for various values of S. Moreover, it is also worthwhile to reconsider the LT expansions of Ref. 7 for the sq lattice, because by relying on the results of our HT analysis, we can improve some estimates of the LT critical parameters and thus obtain new determinations of universal combinations 14 of LT and HT amplitudes. No theoretical surprises are expected from this analysis, however, we believe it is still useful to improve the rather modest numerical precision presently available even for basic critical parameters like the critical temperatures, to determine various critical amplitudes for which no estimates are yet known and to use our results to test with higher accuracy the validity of hyperscaling and of universality with respect to the magnitude of the spin.
Almost all the computational effort in extending series for the two-dimensional Ising model for SϾ1/2 has been devoted to square-lattice series. However by making use of the theory of lattice-lattice scaling, as developed by Betts, Guttmann, and Joyce 15 and extended by Gaunt and Guttmann, 16 using our estimates of the critical amplitudes on the square lattice, we are able to calculate the corresponding amplitudes on other two-dimensional lattices to precisely the same precision as they are known for the square lattice.
II. THE SPIN-S ISING MODELS
The spin-S Ising models with nearest-neighbor interaction are defined by the Hamiltonian
where J is the exchange coupling, and Here T is the temperature, k B the Boltzmann constant, and K will be called ''inverse temperature'' for brevity. In the critical region we shall also refer to the standard reduced-temperature variable t(S)ϭT/T c (S)Ϫ1 ϭK c (S)/KϪ1.
In the HT phase, the basic observables are the connected 2n-spin correlation functions. Our series 12 cover quantities related to the two-spin correlation functions ͗s(x ជ )s(y ជ )͘ c and to the four-spin correlation functions ͗s(x ជ )s(y ជ )s(z ជ )s( t ជ )͘ c . In the LT phase the symmetry is broken and the n-spin correlations are nontrivial also for odd n. In particular, we shall reconsider the LT expansions of the magnetization, the susceptibility and the specific heat derived for S ϭ1,3/2,2,5/2,3 in Ref. 7 .
The spontaneous magnetization is defined by
͑2͒
The internal energy per spin is given in terms of the nearest-neighbor correlation function by
where ␦ ជ is a nearest-neighbor lattice vector and q is the lattice coordination number. The specific heat is the temperature derivative of the internal energy at fixed zero external field
In terms of (T;S), the zero-field reduced susceptibility,
and of 2 (T;S), the second moment of the correlation function,
The second field-derivative of the susceptibility 4 (T;S) is defined by 
͑8͒

III. DEFINITIONS OF CRITICAL PARAMETERS
In terms of the asymptotic behavior of these observables, we can now define the critical parameters, amplitudes and exponents that we are going to estimate using HT and LT series.
The spontaneous magnetization has the asymptotic behavior
The asymptotic behavior of the susceptibility as t(S) →0Ϯ, is expected to be
The correlation length
the specific heat
and the second field-derivative of the susceptibility 4 (K;S)
are associated with the various observables. We have reported in such detail our definitions of the critical amplitudes, because they differ significantly from those of other authors and it is necessary to use a consistent normalization convention when comparing models expected to belong to the same universality class. Let us notice in particular that the estimates reported in the tables of Ref. 7 for the critical amplitudes of the susceptibility (Ϫ) (u;S) are related to ours by the factor S 2 ͓Ϫln u c (S)͔ ␥ /u c (S) 4S . A similar remark applies to the specific heat amplitudes C (Ϫ) (u;S) for which the conversion factor is 1/u c (S) 4S ͓ln u c (S)͔ 2 . Finally, the magnetization amplitudes of Ref. /S to agree with ours. Of course, the amplitudes of the conformal field theory considered in the study of Ref. 17 are not comparable to our series quantities.
As indicated in Eqs. ͑9͒-͑13͒, for a given spin S, all asymptotic forms are moreover expected 18 to contain leading nonanalytic confluent corrections characterized by the same exponent (S). Higher-order corrections are also expected to contain logarithmic 18 factors. If universality holds, all exponents have to be S independent.
The presence and the value of the confluent exponent has been discussed [19] [20] [21] [22] [23] several times. From RG calculations, 24 both in the ⑀-expansion and in the fixed-dimension approach, it was conjectured that Ӎ4/3 for the universality class of the two-dimensional Ising model. Aharony and Fisher and later Blöte and den Nijs argued 19, 22 that a (Ϯ) (S)ϭ0 for S ϭ1/2 and indeed no such correction was revealed by the later very accurate study 13, 25 of the critical asymptotic expansion for (K;1/2). However, in the absence of more general results, the reliable assessment of the subleading asymptotic critical behavior remained an open problem when SϾ1/2.
IV. ESTIMATES OF UNIVERSAL AMPLITUDE COMBINATIONS
In terms of (ϩ) (K;S), (ϩ) (K;S), and 4 (ϩ) (K;S), a ''hyperuniversal'' combination of critical amplitudes denoted by g r (ϩ) (S) and usually called the ''dimensionless renormalized coupling constant,'' can be defined by
͑14͒
Here the normalization factor 3/8 is chosen in order to match the usual field theoretic definition 24 of g r (ϩ) (S) and v denotes the volume per lattice site, measured in units of the square of a lattice constant. For all lattices one has v ϭa 2 , with a the lattice constant. For the triangular lattice, ϭͱ3/2, for the honeycomb lattice ϭ3ͱ3/4, and for the kagomé lattice ϭ2/ͱ3.
We have also studied the hyperuniversal combination usually denoted as
and the Watson combination
The other frequently considered universal combination
is not independent of the previous ones, since R 4 (S) ϭϪ(8/3)g r (ϩ) (S)R (ϩ) (S) 2 /R C (S). All of these quantities are accurately known in the S ϭ 1/2 case. As indicated in Ref. 25 In what follows, we determine the values of these universal amplitude combinations for SϾ1/2. The preliminary part of our series analysis is aimed at estimating the critical temperatures using the expansions of (ϩ) (K;S) for Sу1. We employed a variety of methods: Zinn-Justin improved-ratio formula, 29 Padé approximants ͑PA͒ and inhomogeneous differential approximants ͑DA͒. 30 The best results with DA's were obtained from approximants such that the polynomial coefficient of the highest derivative is even. ͓As a consequence, the approximants always contain an additional antiferromagnetic singularity at ϪK c (S), beside the one at K c (S)]. Similarly to the LT analysis, but to a much smaller extent, the accuracy of our results tends to deteriorate with increasing S. In spite of this, our final HT estimates of the critical points, reported in Table III , show significant improvement in apparent accuracy and sizable discrepancies from the previous LT determinations. 7 For general values of S, less accurate estimates of K c (S) have been obtained in Ref. 31 [33] [34] [35] Some of these results have also been cited in Table III .
We have then turned to the critical exponents ␥(S), (S), and ␥ 4 (S) and have evaluated them from the log derivatives of the appropriate HT expansions by first-order DA's biased with our HT estimates of the critical temperatures. This computation shows that the relative variation of the exponents is smaller than Ϸ10 Ϫ3 , in the worst case, for S varying between 1/2 and ϱ. We report these results in Table IV without further details and simply conclude that universality and hyperscaling appear to be well supported for the leading critical exponents.
It is perhaps also worth noticing that assuming the universality of ␥ we can bias and therefore refine the determination of K c (S). This procedure does not change the central values of the critical points with respect to the unbiased one, but reduces the error bars.
On the other hand, the estimate of the exponent (S) of the leading singular confluent corrections to scaling in the various observables remains quite elusive. Performing either a Baker-Hunter 36 or a Zinn-Justin 29 analysis, we can conclude that, at the level of accuracy made possible by the present extension of the HT series, the amplitudes of these corrections are very small, ͑or perhaps vanishing͒ for all values of S. We should mention that a similar conclusion was suggested for Sϭ1 in Ref. 22 , while the opposite conclusion was advocated in Ref. 21 .
Once we have estimated the critical temperatures and verified the universality of the leading exponents, we can proceed with the analysis simply assuming that, for all val- ues of S, these exponents take exactly the values expected for the universality class of the two-dimensional spin-1/2 Ising model and using them along with our estimated critical temperatures to bias the evaluation of the HT and LT critical amplitudes defined by Eqs. ͑9͒-͑13͒. Our estimates of the critical amplitudes are reported in Table V . We have employed quasidiagonal nondefective PA's or DA's for extrapolating to K c (S) the effective amplitudes of the susceptibility and of the derivative of the specific heat, from the HT and the LT side of the critical points. We have similarly studied the effective amplitudes of the correlation length ͑available only in the HT region͒ and of the magnetization. For proper comparison, in the same table we have also cited the LT estimates of the critical amplitudes for the spontaneous magnetization, the specific heat and the susceptibility previously obtained in Ref. 7 . These quantities have been multiplied by the above indicated conversion factors to agree with our normalization conventions. The uncertainties we have reported, which allow for the observed spreads in the approximant values, provide a subjective assessment of residual trends in the sequence of estimates and for the ͑un-biased͒ uncertainties of the critical points. The HT amplitudes can be determined with a relative accuracy ranging from Ϸ10 Ϫ3 in the case of the susceptibility, to Ϸ10 Ϫ2 in the case of the specific heat. The LT amplitudes are subject to larger relative uncertainties, increasing with S, and reaching up to Ϸ50% for SϾ2. In some cases, in order to improve the accuracy of the estimates of the LT amplitudes for S р2, we have based our extrapolations only on the data for ͉t(S)͉տ0.02Ϫ0.04. This unconventional but reasonable procedure reduces the sensitivity of the approximants to the unphysical nearby singularities. Unfortunately, even this prescription fails to work satisfactorily for SϾ2.
Using only the HT series, we can evaluate g r (ϩ) (S), either directly, in terms of the amplitudes reported in Table V , or by extrapolating to the critical points via DA's the HT expansion of the inverse effective coupling 1/g r (ϩ) (K;S) ϭϪ(8/3)(K;S) 2 (K;S) 2 / 4 (K;S). A third approach consists in studying the residua at xϭ1 of the series with coefficients a n (S)ϭc n (S)/d n (S), where c n (S) are the HT coefficients of 2 (K;S) and d n (S) are the coefficients of the quantity 4 (K;S)/ 2 (K;S). In Table V we have reported the results of the latter procedure since it yields estimates with smaller spreads.
Several other estimates 23, [37] [38] [39] [40] [41] obtained by a variety of methods are also available in the literature.
Using also the LT series, we have evaluated, directly in terms of the single amplitudes, the other mentioned universal combinations, for a range of values of S. We have reported in Table VI , our series estimates of all these quantities for S Ͼ1/2. In conclusion, whenever only HT amplitudes are involved, our estimates, within a precision up to 0.1%, are independent of S, in full agreement with universality. On the other hand, our reanalysis of the LT series has been only partially successful: whenever LT amplitudes also enter into the combinations, universality appears to be fairly well respected for SϽ5/2, but the uncertainties grow notably larger for larger values of the spin.
In the following section we describe the theory of latticelattice scaling, and show how it can be used to extend our estimates of the critical amplitudes from the square lattice to other two-dimensional lattices.
V. LATTICE-LATTICE SCALING
The theory of lattice-lattice scaling was developed by Betts, Guttmann, and Joyce 15 in the early 1970s. It explains how amplitudes change within a given universality class, as one moves from one lattice to another. It can also be viewed as a generalization of the law of corresponding states. In this section we give a terse development of the theory, and apply it to the problem at hand.
In order to review the general ideas let us first consider the Weiss theory or mean-field theory of a magnetic system. The equation of state is well known to be Here tϭT/T c Ϫ1, hϭH/kT, and mϭM (T)/M (0) are the reduced temperature, magnetic field, and magnetization, respectively. Then the law of corresponding states says that the equation of state is the same for all lattices. That is,
where X and Y denote two lattices. That is to say, the lattice dependence is entirely contained in the critical temperature T c .
A more complex model is the three-dimensional spherical model, for which the critical equation of state is
Here both T c and the amplitude D are lattice dependent. Thus
We see that we must scale the field variable, so that h X /D X ϭh Y /D Y , but that there is no need to scale the reduced temperature. Let us now consider the case of the ͑zero-field͒ spin S ϭ1/2 Ising model on the triangular ͑T͒ and hexagonal ͑H͒ lattices. The star-triangle relation 42, 43 allows us to relate the free-energy, susceptibility, and spontaneous magnetization between the lattices:
where f ϭ1/NlnZ, K X ϭJ X /kT, and v X ϭtanh(J X /kT). Here we see that the reduced temperature needs to be rescaled for the free energy to be universal. This is not restricted to the triangular-honeycomb pair, but in that case it is easy to be explicit.
All these examples can be encapsulated in the following expression for the singular part of the free energy:
where the reduced temperature and field are scaled by
The singular part of the free-energy f (t,h) is then a universal ͑lattice independent͒ function for a given model.
Equivalently, by differentiation we obtain
where m(t,h) and (t,h) are universal functions for a given model.
Using this result, and the exact scaling parameters g X and g Y given below, it is a trivial matter to calculate the magnetization amplitudes for the other lattices we consider ͓triangular, hexagonal, and kagomé (K)], taking as input the square lattice amplitudes given in Table V . These amplitude estimates are given in Tables VII-IX .
Similarly, it is a trivial matter to calculate the susceptibility amplitudes for the other lattices we consider, taking as input the Sϭ1/2 square-lattice amplitudes given in Table V . Further differentiation gives the corresponding relationship for higher-field derivatives, and we readily obtain
, for the high-temperature field derivatives, ͑where only the even-order derivatives are nonzero͒. The corresponding result for low-temperature field derivatives is 
Taking temperature derivatives, one readily establishes that the specific heat amplitudes satisfy
As ␣ϭ0 for the two-dimensional Ising model, this simplifies to
We have similarly calculated the specific-heat amplitudes for the other lattices we consider, taking as input the squarelattice amplitudes given in Table V . These are also given in Tables VI-VIII. Finally, the correlation function amplitudes were calculated exactly from various star-triangle transformations by Thompson and Guttmann 44 for the true correlation length. It follows from universality that these same transformations should hold also for the second-moment correlation length amplitudes. We show below that this is equivalent to the universality of R (ϩ) (S), which is a conclusion of this work. In Ref. 44 it was shown by explicit calculation that
The universality of
a f ϩ (S), taken together with the above lattice-lattice scaling relation for the specific heat amplitude A ϩ (S) implies the lattice-lattice scaling relation
where is the area per site, and X ϭ1,ͱ3/2,3ͱ3/4, and 2/ͱ3 for the square, triangular, honeycomb, and kagomé lattices, respectively. This is equivalent to the explicit amplitude scaling reported in Ref. 44 , and confirms the expectation that the true correlation length amplitude and the second-moment correlation length amplitude scale similarly.
For the 2D Ising model we can calculate the scaling parameters n X and g X exactly from known spin-1/2 spontaneous magnetization and specific heat amplitudes. The critical points are also exactly known. These are given in the table below: In addition to the above results, one can also derive scaling relations for the amplitudes of subdominant singularities. For example, consider the susceptibility of the 2D Ising model on lattice X. Writing
from lattice-lattice scaling we can derive the following amplitude relations:
.
The second expression is false for the kagomé lattice. It is corrected by the theory of extended lattice-lattice scaling developed by Gaunt and Guttmann 16 in 1978. In that theory, a third scaling parameter needs to be introduced.
It is widely accepted, and in complete agreement with the results of the first part of this paper, that the spin-S Ising model is in the same universality class as the spin-1/2 Ising model. This is the only assumption we require in order to apply the theory of lattice-lattice scaling to the square-lattice data given in the preceding section. The only subtlety is whether ''universality'' really extends to lattice-lattice universality. While this assumption seems natural, we did attempt to verify it by estimating amplitudes for other lattices from the rather short data available in Ref. 13 . The longest effective series is the triangular lattice series. We found the high-temperature susceptibility amplitude, as estimated by Padé approximants, to be C (ϩ) (1)ϭ0.529 from this series, in complete agreement with the more precise value C (ϩ) (1) ϭ0.529 4(2) found by lattice-lattice scaling, and reported in Table VII .
Note too that there is no loss of accuracy, as the conversions from lattice to lattice are exact. For example, based on the recent estimate of the leading susceptibility amplitude of the spin-1/2 square-lattice Ising model given in Ref. 13 , application of lattice-lattice scaling gives the corresponding amplitude on the triangular lattice to the same precision, viz. Similarly accurate results for other lattices can be readily written down, as can equally accurate subdominant amplitudes.
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